We propose a simple method to approximately evaluate reduced width amplitude (RWA) of a twobody spinless cluster channel using the norm overlap with the Brink-Bloch cluster wave function at the channel radius. The applicability of the present approximation is tested for the 16 O+α channel in 20 Ne as well as the α+α channel in 8 Be. The approximation is found to be reasonable to evaluate the RWA for states near the threshold energy and it is useful to estimate the α-decay width of resonance states. The approximation is also applied to 9 Li, and the partial decay width of the 6 He(0 + 1 )+t channel is discussed.
I. INTRODUCTION
In the recent experimental and theoretical studies, it has been revealed that a variety of cluster structures appear in various stable and unstable nuclei in a wide mass-number region (for instance, Refs. [1] [2] [3] [4] and references therein). As predicted in Ikeda's threshold rule [5, 6] , remarkable cluster structures with spatial development have been suggested in excited states near the threshold energy. Interestingly, in neutron-rich nuclei, various cluster states containing exotic clusters have been suggested: He+He cluster states in Be isotopes [2, 3, , 10 Be+α states in 14 C [34] [35] [36] [37] [38] , 14 C+α states in 18 O and their mirror states [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] , 18 O+α states in 22 Ne [46] [47] [48] [49] [50] [51] [52] [53] , 9 Li+ 6 He states in 15 B [18] , 6 He+t states in 9 Li [54] , and so on. For direct evidence of clusters in nuclei, the cluster decay width is a probe to confirm the cluster structure in resonance states. Theoretically, conventional cluster models such as the resonating group method (RGM) [55, 56] and the generator coordinate method (GCM) [57, 58] have been applied to study typical cluster structures in light stable nuclei such as the α+α structure in 8 Be and the 16 O+α structure in 20 Ne, and they have succeeded to describe cluster decay widths of resonance states [6, [59] [60] [61] [62] [63] [64] .
As the variation of constituent clusters becomes richer in unstable nuclei than the well-known cluster structures in stable nuclei, conventional cluster models based on the assumption of specific clusters such as α and 16 O are no longer applicable for new cluster states having exotic clusters as t, 6 He, 8 He, 10 Be, 14 C, and 18 O. For such exotic clusters, it is important to take into account cluster polarization, breaking, and formation as well as effects of channel coupling. For cluster study of unstable nuclei, many extended frameworks such as antisymmetrized molecular dynamics (AMD) [3, [65] [66] [67] and fermionic molecular dynamics (FMD) methods [68] [69] [70] [71] , and extended cluster models of the stochastic variational method [16, 72] , the GCM method, and the generalized two-center cluster model [20, 22] have been developed.
One of the advantages of the AMD method is that the framework does not rely on the assumption of any clusters. Nevertheless the model wave function can describe various cluster structures as well as one-center structures expressed by a shell-model configuration as the formation and dissociation of clusters are automatically obtained in the energy variation. The method has been applied to stable and unstable nuclei and proved to be useful for study of cluster structures in general nuclei. In spite of the flexibility of the AMD wave function, its application to cluster decay widths is very limited. One of the main origins for the difficulty is that internal wave functions of exotic clusters are generally more complicated than typical clusters which can be often expressed by a simple shell-model configuration. In such a case, it needs a large numerical cost to describe the details of asymptotic inter-cluster wave functions mainly because superposition of wave functions is needed in describing exotic clusters. The FMD framework, whose wave function is quite similar to the AMD one, has been applied to a scattering problem by Neff et al. [71] , but, the application is limited only to very light nuclei. In many works of cluster structures with the AMD method, cluster resonance states are often described in a bound state approximation and their widths are hardly discussed.
Our aim is to estimate cluster decay widths by measuring the cluster probability at the surface for general A-body wave functions containing exotic clusters or non-cluster components. According to the R-matrix theory of nuclear reaction, the cluster decay width is given by the reduced width amplitude (RWA) at a channel radius where the interaction and the antisymmetrization effect of nucleons between clusters vanish. The method with the RWA is often used to estimate the cluster decay width in traditional cluster models within a bound-state approximation. It means that if one has a reliable value of the RWA in an A-body wave function, it is able to estimate the cluster decay width following the RWA method as done in cluster models. However, to extract the RWA for exotic clusters from a total wave function, one may encounter another problem because it is not obvious how to separate the partial-wave inter-cluster wave function and cluster internal wave functions under the antisymmetrization operator of nucleons between clusters. Instead, it is easier to calculate the norm overlap of the total wave function with the reference cluster wave functions where clusters are localized around a certain position rather than to directly extract the RWA. Even for exotic clusters described by rather complicated configurations, the calculation of the norm overlap is usually feasible. In the region of our interest where the effect of antisymmetrization of nucleons between clusters is negligible, the norm overlap indicates the cluster probability at a certain channel radius and it should relate to the RWA.
In this paper, we propose a simple method to approximately calculate the RWA at the surface region using the norm overlap with the reference cluster wave function. To check the validity of the present approximation of the RWA, we compare the approximated RWA with the exact RWA in the well-known cluster states; 16 O+α in 20 Ne and α+α states in 8 Be in the traditional cluster-GCM calculations. We also make similar analysis for the 20 Ne wave functions with the mixing of non-cluster components obtained with the AMD method. We show the applicability of the present approximation to discuss the α-decay widths of cluster resonance states in 20 Ne and 8 Be. As an example of application to neutron-rich nuclei, we apply the present method to 9 Li and discuss the partial width of t decay from the 6 He+t cluster resonances suggested in the previous work in Ref. [54] . The paper is organized as follows; In the next section, we explain the conventional cluster-GCM model with BrinkBloch (BB) cluster wave functions, and describe the RWA and its relation to the decay width in the cluster model. The method to approximately calculate the RWA is proposed in Sec. III. The AMD framework is briefly reviewed in Sec. IV. The application of the present method is demonstrated in Sec. V, and finally a summary and outlooks are given in Sec. VI.
II. CLUSTER WAVE FUNCTIONS AND REDUCED WIDTH AMPLITUDE
In this section, we review the traditional cluster-GCM model and the RWA. For more details, the reader is refereed to the review article [64] and references therein.
A. BB cluster model and GCM wave functions
Let us consider a system composed of two spinless clusters C 1 and C 2 with mass numbers A 1 and A 2 , respectively. In the GCM of the C 1 +C 2 cluster model, the total wave function can be expressed by the linear combination of BB cluster model wave functions [58] .
A BB cluster model wave function of the two-cluster C 1 +C 2 system with the relative position S is expressed as
Here ψ(C i , S i ) is the wave function of the C i cluster localized around S i , and it is given by the harmonic oscillator (H.O.) shell model wave function with the shifted center at S i . We choose the same width of H.O. for C 1 and C 2 . We set the relative position S on the z-axis S = (0, 0, S), and for simplicity, rewrite the BB wave function parametrized by the inter-cluster distance |S| = S as
We define the normalized J π -projected BB wave function,
The cluster-GCM wave function for a J π state is given by the linear combination of the projected BB wave functions,
Coefficients c k are determined by solving the discretized Hill-Wheeler equation which is equivalent to the diagonalization of the norm and Hamiltonian matrices. Here, the cluster-GCM wave function Φ GCM is normalized as Φ GCM |Φ GCM = 1. In |Φ BB (S k ) , the relative wave function between clusters is written by a localized Gaussian wave packet, and its partial wave expansion is given as follows.
where i l is the modified spherical Bessel function, r is the relative coordinate between centers of mass of clusters, φ(C 1 ) and φ(C 2 ) are internal wave functions of clusters r G is the center of mass coordinate and φ c.m. is the wave function of the total center of mass motion (c.m.m.). ν is the width parameter for the H.O. for clusters, and relates to the width b of the H.O. as ν ≡ 1/2b 2 . Then, in the projected BB wave function |Φ Jπ BB (S k ) , the radial part χ BB l (S k ; r) of the l-wave relative wave function is written with the function Γ l ;
Here the relation Y * l0 (Ŝ) = 2l+1 4π for S = (0, 0, S k ) is used. Using χ BB l (S k ; r), the cluster-GCM wave function is also rewritten in the form consisting of the relative wave function, internal wave functions of clusters, and the c.m. wave function,
B. Reduced width amplitude
For a wave function Ψ of the A-nucleon system, the RWA ry l (r) for the C 1 +C 2 cluster channel is defined as
Here Ψ does not contain the c.m.m. y l (r) is regarded as the radial part of a relative wave function where the antisymmetrization effect is taken into account.
For a RGM-type cluster wave function of the C 1 +C 2 system,
y l is calculated by using the expansion of χ l (r) with the orthonormal set R nl (r) of the radial wave functions of H.O. with the width parameter b = 1/ √ 2γ given by γ = νA 1 A 2 /A,
µ nl is the eigen value of the RGM norm kernel [64] . We also define the function u(r) as
For the normalized cluster wave function Ψ|Ψ = 1, the function u l (r) also satisfies the normalization,
The spectroscopic factor S is defined by the RWA,
Functions, χ l (r), y l (r), and u l (r) are interpreted as inter-cluster wave functions, i.e., the radial part of relative wave functions, but they are different in the treatment of the antisymmetrization effect between clusters. χ l (r) is the relative wave function before antisymmetrization and can contain unphysical forbidden states with µ nl = 0. In the functions, y l (r) and u l (r), the antisymmetrization is taken into account and all forbidden states are excluded in both functions, but the treatment of partially allowed states with µ nl = 1 is different. All the functions χ l (r), y l (r), and u l (r) have the same asymptotic behavior in the large r region where the antisymmetrization effect between clusters vanishes while they are different in the inner region where clusters largely overlap with each other and feel the strong antisymmetrization effect.
C. Inter-cluster wave functions for GCM and BB wave functions
For the cluster-GCM wave function, the inter-cluster wave functions y
ry GCM l (r) is the RWA of the cluster-GCM wave function. Also for the J π -projected BB wave function Φ Jπ BB (S k ), we can define the antisymmetrized inter-cluster wave functions y BB l (r) and u BB l (r) from the non-antisymmetrized wave function χ
Here, the normalization |u
D. Antisymmetrization effect between clusters
A BB wave function is parametrized by the inter-cluster distance parameter S k . The non-antisymmetrized wave function χ BB l (S k ; r) is the function localized around r = S k . In case of a small S k , clusters largely overlap with each other and the inter-cluster wave function is strongly affected by the antisymmetrization of nucleons between clusters. For such a small S k , χ 
"allowedness factor" which indicates the weakness of the antisymmetrization effect between clusters. In a BB wave function with an enough large S k where the antisymmetrization effect between clusters is negligible,
In such a case, the antisymmetrized inter-cluster wave functions y BB l (S k ; r) and u BB l (S k ; r) are consistent with the original non-antisymmetrized wave function χ BB l (S k ; r). In a small S k limit, χ BB l (S k ; r) is dominated by unphysical forbidden states and the ratio of the norms for the physical inter-cluster wave funtion |u
2 r 2 dr goes to zero, i.e., the allowedness factor N l (S k ) ≈ 0 indicating the strong limit of the antisymmetrization effect.
Moreover, the relative wave function χ BB l (S k ; r) has a peak structure around r = S k . It means that, for a large S k , the function rχ
is a localized function around r = S k .
E. Decay width and RWA
For the α-decay width Γ α , the reduced width γ 2 α (a) at the channel radius a is defined
where F l and G l are the regular and irregular Coulomb functions, respectively, k is the momentum of inter-cluster motion in the asymptotic region, and mu is the reduced mass. A dimensionless reduced α-width θ 2 α (a) defined by the ratio of the reduced α-width γ 2 α (a) to its Wigner limit γ
is a good measure to discuss the α-cluster probability at the surface. The experimental value of θ 2 α (a) is deduced from the measured α-decay width Γ α of the resonance states.
On the other hand, according to the R-matrix theory of nuclear reaction, the reduced width is approximately given by the RWA ay l (a) for the α cluster channel,
This approximation is good especially for narrow resonances. In the theoretical calculation using a bound state approximation, the above R-matrix based approximation is often used to estimate the width from the calculated RWA ay l (a).
III. APPROXIMATED RWA
As mentioned above, the partial decay width can be estimated using the RWA ry l (r) at a channel radius r = a with the relation given in Eq. (35) based on the R-matrix theory. Our aim here is to approximately evaluate the RWA ry l (r) at a certain channel radius for cluster-GCM wave functions Φ GCM or more general A-body wave functions Φ having cluster breaking components in order to estimate the partial width of cluster decay from resonance states. In general, clusters, C 1 and C 2 , are not shell-closed clusters and they have more complicated configurations than shell-closed nuclei. If clusters are deformed and their intrinsic wave functions are not spin-parity eigen wave functions, spin-parity projections of subsystems (clusters) are needed to calculate exact RWA and it usually enlarges the numerical cost. Moreover, it is not necessarily easy to solve the eigen value problem of the RGM norm kernel for the C 1 +C 2 channel except for the case of simple clusters.
Alternatively, we propose a method to calculate an approximated value of the RWA ay l (a) using the simple overlap norm of Φ with a single BB cluster wave function parametrized by S k = a. The region for the channel radius a of our interest is the surface region where the inter-cluster distance is large enough to ignore the antisymmetrization effect of nucleons between clusters. Let us consider the projected BB wave function Φ Jπ BB (S k ) with S k = a which is localized around the channel radius a. The overlap of Φ with Φ Jπ BB (S k ) can be calculated as the norm overlap of antisymmetrized A-body wave functions. It is also given by the overlap of the inter-cluster wave functions u l (r) for Φ and u
Here we define
As mentioned before, in the region around a where the antisymmetrization effect between clusters is negligible, χ(r) ≈ y l (r) ≈ u l (r) for Φ, and also χ
Moreover, for simplicity, we approximate the inter-cluster wave function χ
Namely, the inter-cluster wave function for Φ Jπ BB (S k ) is localized around r = S k with the width 2 √ γ. Let us consider here to measure the unknown RWA ry l (r) ≈ ru l (r) with the localized reference function
We assume that the RWA ry l (r) for the realistic wave function Φ is a gradually changing function compared with the localized reference function X G (S k = a; r) and it can be approximated to be constant ay(a) at least in the region around S k = a with the width 2 √ γ where X G (S k = a; r) gives a finite contribution to the integrated value ry l (r)|X G (S k ; r) . In this assumption, the overlap is approximately given as
It means that the norm overlap with Φ Jπ BB (S k = a) relates to the RWA ay l (a) and we obtain the following approximation for the RWA
This approximation works reasonably for the tail part of the RWA of cluster states near the threshold energy because the inter-cluster wave function has an asymptotic tail determined by the energy measured from the threshold. If ry l (r) is a rapidly changing function, the approximated function ry app (r) corresponds to a smeared function with the resolution 2 √ γ and ay app (a) indicates the mean value of ry l (r) around r = a. Moreover, the approximation is not valid in the small a region with the strong antisymmetrization effect. However, for the present aim to estimate decay width of resonances using the approximated RWA, we can reasonably approximate the RWA with the present method as shown later.
IV. AMD METHOD
The AMD method is useful to describe the formation and breaking of clusters as well as shell-model states with non-cluster structure. The applicability of the AMD method to stable and unstable nuclei have been proved, for example, in Refs. [3, 67] . For the detailed formulation of the AMD, the reader is referred to those references.
A. Formulation of AMD(VAP)
An AMD wave function of an A-nucleon system is given by a Slater determinant of Gaussian wave packets;
φ Xi and σ i are spatial and spin functions of the ith single-particle wave function, and τ i is the isospin function fixed to be up (proton) or down (neutron). Accordingly, an AMD wave function is expressed by a set of variational parameters,
The width parameter ν is chosen to be a common value for all nucleons.
The energy variation after spin and parity projections (VAP) is performed to get the AMD wave function for the lowest J π state. The parameters X i and ξ i (i = 1 ∼ A) are varied to minimize the expectation value of the Hamiltonian, Φ|H|Φ / Φ|Φ , with respect to the spin-parity eigen wave function projected from an AMD wave function; Φ = P Jπ MK Φ AMD (Z). In the AMD model space, all single-nucleon wave functions are treated as independent Gaussian wave packets, and cluster formation and breaking are described by spacial configurations of Gaussian centers, X i . If we choose a specific set of the parameters {Z}, the AMD wave function can be equivalent to a BB wave function. For instance, the α+α BB wave function with S k is expressed by the AMD wave function by taking X 1 = · · · = X 4 = S k /2 and X 5 = · · · = X 8 = −S k /2 for spin-up and down protons and neutrons. Similarly, it is also able to express a 16 O+α BB wave function with an AMD wave function.
B. Hybrid model of AMD(VAP)+cluster
In a single AMD wave function, which is based on a single Slater determinant, the inter-cluster wave function does not have the correct asymptotic behavior. However, in a realistic cluster state near the threshold energy, the inter-cluster wave function should have an outer tail whose asymptotic behavior is determined by the α-decay energy. To describe the detailed behavior of the outer tail, we perform the hybrid calculation by superposing the AMD(VAP) wave functions and 16 O+α cluster BB wave functions as done in 16 O+ 16 O cluster states in 32 S by Kimura et al. [73] . In the hybrid calculation, the wave function for the J π state is written by superposing the AMD wave functions Φ AMD (Z J ′ π ) obtained by VAP for various J ′π states and the BB wave functions,
where the coefficients c(J ′ ) and c(k) are determined by the diagonalization of the norm and Hamiltonian matrices. K = 0 is chosen in the present calculation of 20 Ne.
C. Projection to cluster model space
For a general microscopic A-body wave function Φ of a spin and parity J π eigen state, we can extract the cluster components of Φ when the c.m.m. of Φ is separable. The AMD wave function satisfies this condition.
From a set of the J π -projected BB wave functions, |Φ 
|Φ
cluster n = δ mn . By using this orthonormal set of cluster wave functions, the projection operator P cluster on to the model space of cluster wave functions is defined as
The cluster component in a general wave function Φ is given by the expectation value of the projection operator
For a single-channel cluster-GCM wave function, the cluster component P cluster = 1, while if Φ contains non-cluster components it is smaller than 1. The inter-cluster wave functions χ l (r), y l (r) and u l (r) for the general wave function Φ can be calculated by projecting it onto the cluster model space expressed by the linear combination of the BB wave functions. For a normalized wave function Φ, the cluster component P cluster can be also given in terms of the norm of the inter-cluster wave function u l (r) as
V. APPLICATION OF THE APPROXIMATED RWA
We check the validity of the approximated RWA defined in (42) for 16 O+α and α+α systems by comparing the approximated RWA with the exact value. We then apply the present method to 9 Li and discuss the partial decay width of the 6 He(0 [74] . The width parameter ν = 0.16 fm −2 is used for both 16 O and α clusters. Those interaction parameters and the width parameter are the same as those used in the preceding study of 20 Ne with the RGM by Matsuse et al. [63] . The parameter set reproduces well the ground-band energy spectra measured from the threshold energy as well as the root-mean-square radius of 16 O. As the basis wave functions of the cluster-GCM calculation, ten BB wave functions with the 16 O-α distance S k = 1, 2, · · · 10 fm are adopted. It corresponds to a bound state approximation.
As an another test, we also do the similar analysis of the RWA using AMD wave functions of 20 Ne. It is a test to check the applicability of the method for the case that the system is not a pure cluster state because the AMD wave function can contain non-cluster components as well as the cluster component. We perform the AMD(VAP) calculation to obtain the optimum solution of the AMD wave functions for the J π = 0 + , 2 + , · · · , 8 + states in the ground band of 20 Ne. As for the effective interaction, Volkov No.2 with m = 0.66 supplemented by the spin-orbit force of the G3RS [75] with the strength u I = −u II = 2400 MeV is chosen so as to reproduce the ground band spectra measured from the threshold energy of the H.O. shell-closed 16 O and α clusters. In the AMD(VAP) calculation, the larger Majorana parameter m than that used in the cluster-GCM calculation is needed to avoid the overbinding problem because the extra energy is gained by the spin-orbit interaction and the cluster dissociation in the AMD(VAP) calculation. We also perform the hybrid calculation of AMD(VAP)+cluster by superposing AMD(VAP) wave functions and 16 O+α cluster BB wave functions using the same interaction.
The calculated energy levels measured from the 16 O+α threshold are shown in Fig. 1 compared with the experimental energy levels of the ground, the K π = 0 − , and the higher-nodal(hn) K π = 0 + bands. The J π = 0 3 states can not be described within 16 O+α cluster models because they are not simple 16 O+α cluster states. The cluster-GCM calculation shows reasonable results for the energy levels except for the 6 + -8 + level spacing as already shown in preceding works with 16 O+α cluster models [61, 63] . The AMD(VAP) and hybrid calculations reproduce the ground band spectra. In particular, the small level spacing between 6 + and 8 + states is described well by the cluster breaking component in the 8
+ state at the band terminal consistently with the results of the cranking AMD calculation [65] . We first discuss the results of the cluster-GCM calculation. In Figs. 2, 3 , and 4, the approximated RWA ay app l (a) for Φ GCM are compared with the exact values of ay l (a). The approximated RWA reasonably agrees with ay l (a) for bound states and resonance states in the region outer than the surface peak. The 6 + 2 and 8 + 2 states obtained by the cluster-GCM calculation have a feature of non-resonant continuum states, for which the approximation also works in the outer region.
In the small r region, the method of the approximated RWA does not work because the antisymmetrization effect of nucleons between clusters is rather strong and the norm overlap with a BB wave function does not directly indicate the α cluster probability at the certain position. We can judge the strength of the antisymmetrization effect using the allowedness factor N l (S k ) shown in Figs. 2, 3 , and 4. In the present result, it is found that the approximated RWA is not reliable for a small channel radius S k = a with N l (S k ) < 0.4 because of the strong antisymmetrization effect. To reject the unreliable region with the strong antisymmetization effect, we put a more severe condition N l (S k ) ≥ 0.6 as the applicable region because the agreement of ry app l (r) to ry l (r) is rather well in the outside of the surface peak. Moreover, when the RWA is much smaller than the peak amplitude, the error becomes large even in the long distance tail part. Therefore, we reject ry app l (r) if it is less than a half of the maximum amplitude in the applicable region. When the RWA has a broad peak in the applicable region, the channel radius a should be chosen around the peak position as shown in the result for higher-nodal band memers, 0 state, the applicable region is a ≥ 4 fm and the amplitude at a = 6 fm is much smaller than the maximum amplitude at a = 4 fm, and therefore we choose the channel radii a = 4 and 5 fm. For the higher-nodal K π = 0 + band, we choose larger channel radii a = 6 and 7 fm as the peak position of the RWA shifts to the outer region around a = 7-8 fm. With the criterion that the allowedness factor should be N l (S k ) ≥ 0.6 and the channel radius near the peak position should be chosen, we get good approximation of the approximated RWA with the exact value within about 20% error.
We also check the approximation of the RWA for the AMD(VAP) wave functions and the hybrid AMD(VAP)+cluster wave functions. In the result for the AMD(VAP) wave functions shown in Fig. 5 , the approximation is not as good as the case of the cluster-GCM wave functions. As mentioned before, the AMD(VAP) wave function is the spin-parity eigen function projected from a single AMD wave function, and its inter-cluster wave function has a rapidly damping tail inconsistently with the correct asymptotic behavior. For such the localized function, the approximation does not work so well. Instead, ry app l (r) corresponds to a smeared function of the exact ry l (r). However, in the realistic situation, the inter-cluster wave function has an outer tail with the correct asymptotic behavior determined by the α-decay energy, it should be a gradually changing function for states near the threshold energy. To describe the detailed behavior of the outer tail, we perform the hybrid calculation by superposing the AMD(VAP) wave functions for the J π = 0 + , 2 + , 4 + , 6 + , and 8 + states and 16 O+α cluster BB wave functions. In the hybrid wave functions, the tail parts of the inter-cluster wave functions are improved and it is found that the RWA ay l (a) can be approximated by ay app (a) in the outer region as shown in Fig. 6 . It should be noted that the cluster component P cluster in the hybrid wave functions is less than 1 because of the cluster breaking component in the AMD(VAP) wave functions. The reduction effect of the cluster component to the RWA is properly taken into account in the present approximation of the RWA through the norm overlap. The reduction is significant in the band terminal state 20 Ne(8 Using the relation (35) based on the R-matrix theory of nuclear reaction, we can evaluate the dimensionless reduced width θ (a) are shown in table II compared with those obtained with the exact RWA ay l (a). We choose the channel radius a = 5 and 6 fm for the ground band and K π = 0 − band members, and a = 6 and 7 fm for the higher-nodal states. In both cases of the cluster-GCM and the hybrid wave functions, θ 2 α (a) from ay app l (a) agrees with that from ay l (a) within 20 − 30% error. It means that the present approximation for the RWA is practically useful to evaluate the correct RWA at the channel radius in the region of our interest to estimate the α-decay width.
In table III, we list the experimental θ 2 α (a) for resonance states obtained with the observed decay width Γ α . We also show the theoretical θ 2 α (a) of the RGM calculation in Ref. [63] and the GCM calculation in Ref. [61] . The GCM calculation in Ref. [61] is a bound state approximation and the relation (35) of the α-decay width and the RWA is used. The calculation is quite similar to the present calculation but the interaction used in Ref. [61] is different from the present one. In the RGM calculation in Ref. [63] , the θ ) and 20 Ne(7 − ). For those states, the cluster-GCM calculation overestimates the experimental α-decay width by a factor 2 − 5 as well as the cluster-model calculations in Refs. [61, 63] . The result is improved in the hybrid calculation where the cluster component P cluster of 20 Ne(8 According to the R-matrix theory, the relation (35) of the reduced width and the RWA is a good approximation, especially, for narrow resonances. However, strictly speaking, it is not necessarily good for broad resonances. Nevertheless, the present result using (35) in the bound state approximation shows reasonable values of the α-decay width even for such broad resonances as 20 Ne(0 + hn ) and 20 Ne(2 + hn ). It may suggest that the bound state approximation is still useful for a rough estimation of cluster-decay width.
In the present result of 20 Ne it is found that the ay app l (a) is a good approximation of the RWA at the surface region and it is useful for our aim to give qualitative discussion of the α-decay width. 16 O+α channel calculated with the relation 35 using the exact RWA ay l (a) and the approximated one ay app l (a) for 20 Ne obtained by the cluster-GCM calculation. The channel radii a = 5 and a = 6 fm are chosen for the ground band and K π = 0 − band members, and a = 6 and a = 7 fm are chosen for the higher-nodal states. The energy E (MeV) measured from the threshold is also listed. (a) with that using ay l (a) is rather good with 20% error at most. Compared with the experimental θ 2 (a) given by the measured α-decay width Γ α , it is found that the calculation reasonably describes the experimental decay width of 8 Be(0 + 1 ). Even for the case of the broad resonance of 8 Be(2 + 1 ), the α-decay width is reasonably described by the calculation.
D.
9 Li
We apply the present approximation to 9 Li and estimate the t-decay width of the 6 He+t cluster resonances predicted in the previous work [54] . The present approximation is applicable to the cluster channel 6 He(0 + )+t where the orbital 20 Ne at the channel radius a = 5 and a = 6 fm. The experimental θ 2 (a) is calculated using the measured α decay widths [76] . The theoretical values are those of the RGM and GCM calculations taken from Refs. [61, 63] . The energy E (MeV) measured from the threshold is also listed. angular momentum of the inter-cluster motion is decoupled from the internal spins of clusters. 9 Li wave functions are obtained by the 6 He+t cluster-GCM calculation in the same way as Ref. [54] . Namely, the 6 He+t-cluster BB wave functions with S k = 1, · · · , 8 fm are superposed to describe J π = 1/2 − , 3/2 − , 5/2 − , and 7/2 − states of 9 Li. Practically, the cluster wave functions are described by the linear combination of AMD wave functions with specific configurations as done in the previous work. K was truncated as |K| ≤ 3/2 in the previous calculation. For J π = 5/2 − and 7/2 − states, the lower energy spectra is changed by the mixing of high K states, but it does not change the feature of the 6 He+t resonance states near the threshold.
We here briefly explain the structure of the ground and excited states of 9 Li obtained by the 6 He+t cluster-GCM calculation. For more details of the structure of 9 Li, the reader is referred to Ref. [54] . The energies E measured from the 6 He+t threshold energy are plotted as function of the spin J(J + 1) in Fig. 8 . by the linear combination of AMD wave functions, this corresponds to the sub-projection (spin-parity projection of the subsystem 6 He) and the state mixing in the 6 He cluster. We first determine the applicable region of the present approximation of the RWA by excluding the channel radius S k = a with the strong antisymmetrization effect. From the calculated allowedness factor N l (S k ) of l = 1 for J π = 1/2 − and J π = 3/2 − states and that of l = 3 for J π = 5/2 − and J π = 7/2 − states shown in Fig. 9 , we find that the region S k ≥ 3 fm satisfies the criterion N l (S k ) ≥ 0.6 and consider this region as the applicable region of the present approximation.
The calculated ay app l (a) for the 6 He(0 + 1 )+t channel in the cluster-GCM wave functions of the ground and excited states of 9 Li is shown in Fig. 10 . In the ground band members, the amplitude at a = 3 ∼ 4 fm indicates the relatively large probability of the t cluster at the surface in 9 Li(1/2 )+t decay width. However, since the application of the present approximation is restricted only for the spinless cluster case, it is a future problem to be solved.
In the present calculation, we assume the H.O. p-shell configuration for the 6 He cluster. Although such the H.O. 6 He wave function is too simple to describe the details of the 6 He structure, it may have a significant overlap with more sophisticated 6 He wave function and therefore the present calculation may be useful for order estimation. It should be also noted that the n decay is important to discuss the total width of 9 Li states. The n decay channel is omitted in the present 6 He+t cluster-GCM calculation. However, for the 6 He+t cluster resonances, 9 Li(1/2 − 2 ), 9 Li(3/2 − 3 ), 9 Li(5/2 − 3 ), and 9 Li(7/2 − 2 ), the n decay might be suppressed because the 6 He+t cluster structure develops so well that those cluster states have small overlap with the 8 Li+n component and hence it is naively expected that the t decay can be the dominant decay channel. Of course, it is not the case if the energy position of the 6 He+t cluster states is low enough to close the t decay channel.
VI. SUMMARY AND OUTLOOKS
We proposed a method to approximately evaluate the RWA of the spinless two-body cluster channel using the overlap with the BB cluster wave function at a channel radius. The applicability of the approximation was tested for 16 O+α( 20 Ne) and α+α( 8 Be) systems. It was found that the approximated RWA for the cluster states near the threshold energy is in good agreement with the exact RWA in the outer region. Using the approximated RWA, we estimated the α-decay width in the bound state approximation and showed that the method is useful to discuss the α-decay width of resonance states.
We applied the present method to 9 Li, and estimate the partial decay width of the 6 He(0 2 ) at 1∼2 MeV above the threshold with the t-decay width of the order 1 MeV. In the present work, we apply the present method to systems consisting of simple cluster wave functions given by H.O. configurations. The proposed method is based on the norm overlap with a cluster wave function localized around a certain distance S k which can be rather easily calculated than the exact inter-cluster wave function. Therefore, the present method is efficient and it is applicable to systems consisting of more complicated cluster wave functions. For instance, it may be feasible to evaluate the α decay width of the 10 Be+α-cluster states, which has been theoretically suggested in excited states of 14 C [38] . Moreover, application to heavier mass nuclei is promising for systematic study of α-cluster states in a wide mass number region. 
